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ABSTRACT 
. % .  
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. . 
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. , 
For 'kounter-streaming ion currents along a 
. . 
'uniform magnetic field, a purely growing instability' 
. . I 
exists with a g~owth rate 4s high as 16' timks the i o h  '' 
. . . .  
. . 
requency . When the streaming ions are only 1% . '  . 
of the stationary, ions, the growth' rate is still' 
4 times .the gyrofrequeney, but the real .part, is . . 
' near the lower hybrid 'frequency ., These instabilities 
are inaddition to the Drummond-Rosenbluth.ion mode. . . .  
. Finite. B effects increase the growth rate and.can 
- 
. b e  important for B > 10-4. In all this,, TI, +,,- Tll ,- 
and T, = 0. . . 
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currents exist so that finite 8 .  effects may be treated I .  : con- 
, . 
sistently. :The temperatures T ,  o f  all components . . is ,: equal 
. . 
and T, = 0 also, for all components. The correct mass ratio 
\I I m+/m-= 1837 ;is used, Some definitions . .. used are: 
. . 
, : . -  
: . 
and quantities without subscripts refer to electrons. . . Note 
that 8 = 0 *' 0 = 90°. It is found that the largest growth 
- 
rates occur.for . 8  -+ 0 and for w E w /!2- -h .. . . 
P P 
As we have already5 found for the wr=O mode with .T,rO. 
(and . . almost . perpendicular propagation) that instability .exists 
,for B > .591 without any streaming, we d.ecided as a.first 
step to. look for. marginal growth (w.-0) criteria a~s a function 
1 
of 8, for the same mode. These results, given in Figs. 1 and 2 
show that the streaming ions lower the 8 threshold to zero.. 
To explore the minimum ion streaming required for instability 
we have summarized the results of various curves such as, given 
p 
., in Figs. 1 and 2 and have plotted in Fig. 3,. V+ versus 
.., 
l/a I kllRII for - 0 .  This shows that c+ > .943 is needed 
for instability. . . 
The main new results for the growth rates are given in 
Fig: 4. These are computer solutions of the exact equations 
using the ~arberio-corsetti' program for the plasma Z function 
and a Taylor series expansion up to second order to solve for 
the complex variable w = w + iwi as a function of real k. 
r 
The equations have been checked by various independent means 
and also give results consistent with Gaffey et al, lo in 
particular his Figs. la and 3d. Thesc figures are r ~ p r o d ~ ~ c e d  
as Figs.,5 and 6 below with our added curve and point to sh6w 
both the correctness and consistency of our equations and 
code as weLl as to show that no singularity occurs for T, = 0. 
since the electromagnetic mode occurs only for finite f3,  while ' 
the mode we are discussing occurs also for ell  - 0, we see 'that 
in general, maximum growth does not occur in the k,, -+ 0 
10 
electromagnetic limit considered by Gaffey et a1 . 
Frnm Fig. 4 there are two basic modes. One with w .  = .O 
r 
1 has the largest growth rate for E = - (1008 streaming), while 2 
the other is near the lower hybrid (LHy) frequency and predominates 
for E <.< 1 (very low % streaming). The w = 0 mode has been 
r 
cbnsidered by weibell1 for T, = T,, and 0 a+ - g .  This choice 
o f  Ba+ (which is not optimized for maximum growth) gives a 
'L 
growth rate of .02R+ for V+ = 10 and a maximum growth rate 
'L 
/ '  of .07Q+ at V+,= 100, much lower than our T, = 0 growth rate. 
I 
 he other mode is new and does not appea5 in the literature. 
AS shown in Fig. 4 for the highest curve, the ins.tability 
is mainly electrostatic (stix7 p. 224) and we shall therefore 
u,se this electrostatic (ES) equation in our analysis. It is 
interesting to.note that computer solutions of the. exact equations 
(see. Fig. 7) show that the ES limit is indeed approached as . 
L I3 + 0, but that as increases the growth 'increases. This . . 
behavior is contrary to that found in gradient (or drift) 
. .. 
waves, where the'growth rate decreases as @ increases. 12 
The electrostatic equation has been given . . e.g.,, by Stix, 
p.224, for a bi-Maxwellian plasma with streaming. It.may.be 
written,, in .the general form, .. . . 
. . 
where . :  . . . . . , . 
and 
Each "j" term denotes'a particular species, for which the 
appropriate mass, temperature and stream velocity must be . . 
substituted. 
Specializing now to our case where all the.ions.are. 
streaming ( E  = .5) and no.electrons stream, together with 
the assumptions T,.= 0 and equal paralle1.temperatures for . 
all components, we obtain 
2, 
where z k = w/8+ - and V+ = V + /  .a ;,,,+. The standard notation 
for the plasma function z<<) and its deri~ativ~ Z1(<) are 
also used, where ( ) indicates the argument. The t5, indicates 
1 
a sumover two terms, and hence the factor. (Note that 
- 
az - 'w/k,, fi v,, .) 
' Largest growth is obtained by letting e2 + 0 so that the 
n = 0 damping terms are zero. Analytic expressions for the 
marginal stability curves shown in Fig. 3 are now easily obtained 
from Eq. 4 .  Using the asymptotic expansion13 for all the Z 
2 ,  
functions which is valid if.a >>  1 and V+ >> 1, and assuming, 
-2 
o + m and using a+ = a-/(pr) with r = 1 gives the 
P 
riqhtmost curve of Fig. 3, labelled - a. The leftmost curve. 
2, 
is obtained using the convergent expansion for the Z(-a+ + v+) 
term and is labelled - a+. The results are 
for the leftmost and rightmost marginal stability curves of Fig. 2 
'L 
with good accuracy .for V+ > 3. 
The next step is to obtain the growth rate for the w = 0 
r 
mode. The electron terms are easily simplified [since. z << 1 
(from Fig. 4) and a >> 1 (from Fig. 3) near maximum'growth] 
-2 . . giving w .* 2. For the ion terms.one also uses the asymptotic 
P 
'L 
expansion since V+ >>  1. They may be further simplified using 
. . 
'L * . .  
l/a+ = (p1/2/~+) 1 2  (from Fig. 3, near maximum growth) so 
2 'L2 that a+ << V+ giving 
. . 
. .  . .  
. . 2 
combining these results with Eq. (4) yields (with 9. . +- 0.). , 
which 'is the two stream instability equation in the limit R + k.' 
. .  . .  
. . 
. . 
. . .  From ~ t i x , ~  p.,, 113, one easily obtains the g;owth rate' 
which is.only 1% above the maximum ES growth rate.of Fig. 4 
2, 
when + .   his maximum occurs at a wavenumber, kllRll a l/a = 
l/5 Q, 'L (3/8) /V+ = .'612/~+ which is only 1.10% above the dashed curve 
The w '  dependence .indicated by .the simple formulae. of (8) 
P 
is validated. by computer results (<7% error. for w ._> .5) using 
P 
a fairly random sample of points from'Fig. 8 including the 
E = . 005(1%) ' LHy curve. . % 
From Eq. (7) the physical'mechanism is clear. The ions 
see no magnetic field and hence the simple $ $ =kl,V+. denominator 
term driving the instability. .There is no electron Landau 
damping because the electron mass is effectively increased by 
the factor l/g2 , but the' electrons do contribute an' effective 
-2 dielectric constant K, = 1 + w which slows the instability. P' 
Thus' for the ions, which barely move a gyroradius during the 
+ 
instability, Bo = 0, while for the electrons it is dominant. 
Suggestions which led to this result were made by C. S. Liu. 
14 
1.2 EQUAL PARALLEL AND PERPENDICULAR TEMPERATUFU3S (T, = Ti,) 
- . We next wish to consider in an appxoximate way how the 
instability is stabilized by.increasing T, . Using Weibel's 11 
results as a guide, we will obtain' a simple equa.tion. using 
only n = 8,  -+I term8 i n  Eq. 2 . .  Afte r  c o r r e c t i n g  s e v e r a l  
2. of his misprints so that in his corrected notation,since y z T&/T,, 
2 2 2 A A = 2 (yakL/Q+) = (k,/n+) (T,/m+) 1 - 
2 2 
we find in our notation 9 a+, = 2 T T .  (Weibel's z 
. .. . .  . 
growth.rates are calculated only for A1 = 3). Since - A1 = A+ = PA- 'Y 
if r = 1, assuming that A 1 implies that A << 1 so the 
- 
n = 0 electron term in Eq. (3) is unchanged. It may be evaluated 
'L 
by noting. :that near maximum growth a = P"~V+ [as seen frcim the 
' '  Fig. 3 insert and Eq. (5)l while 'lzl = y = y+/~ and y+ j .1 so 
'L 
that az << 1 if V+ << 500. Thcrcfore Z'(0) n -2 and the 
I 
n = 0 electron term is given by the first term of Eq. (9) below. 
. . The n = +1 electron term is also unchanged because the 
additional Z' ( 5 )  term occuring in Eq. (3) when T, = 0 is much 
smaller than the Z ( 5 )  term by a factor l/a2 << 1 (since from 
Fig. 3 insert and Eq. (51, a = P 1/2 a+ = P l 2  >>  1). Its + 
value is again 2i2 
PI 
much less than the n = 0 term in Eq. (4). 
.w 
- A  The ion n = 0 term has a factor To z e Io(A+), but 
is otherwise as given .i.n Eq. ( 4 ) .  It too is small and much less 
- IL2 than the n = 0 electron term by the factor 2To/V+. 
Considering lastly the . n, = 21 . .  ion -term shows that the 
. . . . 
Z (5) terdl is smaller than the Z (5) term . by . a, factor 
. . .  
and can be neglected. Adding. the factor 
. . 
- 
T1 2e-'1~ (.A)/A and using Eq. (6) gives the desired terms 
after summing over both streams. Since, A+ 'I. 1 .. , is ,,,: .; not . -  too 
- 9  
large, neglect of n > 1 . ion terms in . ~ q . ,  _ : .  (2) . should not be 
i .  ! : 
a bad approximation and we., obtain the desired equation, 
,* :: .. '. 
. . 
. . .  , / = .. . 
'1 . '  
. . 
which is independent of ion mass. 
< .. . 
. . .. . - ? .  
~qqqtion (9) is easi1y:solved and for T, = T,, there is 
. . %  
, .  , . .  . .  3 
. I . .  
'L . 'L 
! 4 instability . . when 1/V+ l/a+ < l.lt?/V+ with y 
.+ ,m - .09. This 
.. 
'is rather close to the instability range found by ~eibel, as I 
S 
'L 'L 'L 
obtained from his Fig. 1, 1.05/~+ < l/a+ <. 1.1'7/~+ for V+ > 10. 
It is also close and somewhat higher than Weibelts maximum 
growth, - Y - .07, obtained by him for V+ - 100, but much + ,.m 
'L 
higher than his value Y+,,~ - .022 obtained by him for V+ - 10. 
. . 
0. . . . 
The !+ dependence of Eq. (9) is AT- = e - h  ((X which is 
1 , 1. 
rather insensitive to the choice of h ( = A + ) .  Thus Weibelts 
i -  . 
choice A+ = 3 or our choice A+ = 1 hardly affects the result. 
It should however be noted that for th.e exactly perpendicular 
EM mode, there i s  a Large difference in growth rates between 
the A = 1 and X = 3 case (see Fig. 6). Thus exact calculation 
is necessary. 
In the region where T, = T, , the growth rate from Eq. (9) 
is T~~ / T+ , but becomes (TI, / TL) 'I2 when T, / T, >> 3 
'(when A - 1) . Moreover, the large ,growth 'rate given by Eq. (8) 
(y+ - 15Q+) which is about 230 times larger than Weibel's 
I 
maximum (y+ = .066 Q+) is obtained from Eq. (9) only for 
T, / T,, < 1/2.11 - .27 x This suggest that our growth 
rate results for the electrostatic case are relatively 
sensitive to the correct T, / Tll ratio. The instability 
threshold, which is a more .important quantity., i.s much less 
'L 
sensitive. We obtain V+ > .94 , while weibell1 obtains 
(from his Fig. 1 or our Fig. insert) 
'L 
that V+ > for 
instability. 
2 2 .  We next wish to show that by choosing the value of 0 a 
in ~ q .  (4), appropriately, we can simulate the T, = T,, case 
using our T, = 0 computer'pr0,gram. As mentioned earlier,. 
by definition (when T, = T,, ,+ - 
- Tll ,- ) 
2 2 and using this value of 8 a (for given A+) , Eq. (4) is 
% 
similar to Eq. (9) aside from the 'T factor multiplying the 
i on  n = + 1 terms, if .we use the same a~sumptions used to 
'L 
obtain Eq. (9), i.e., a 1 V+ >> 1 etc. Now since there + 
are only.two dominant terms in Eq. (9), one, the n = 0 electron 
damping term with the e2a2 factor aid the other the n = t 1 
"L ion driving term, with the 
T1 factor,we see that we can 
2, 
absorb the T1 factor in the 8 2 a 2 term if we redefine it as 
'[c.f. Eq. (lo)], 
-A+ - . (We have used the maximum value of e I1 (A+) = .22, ' occuring 
. . 
for A+ ' = 1, where the maximum is quite broad) . 
Thus, by using a value of 0 # 0, given by 0a+ = 1.07. 
case with we expect to approximately reproduce the T, .= TI, .
our computer program. ' This means that' instead o f  using k, - m, '  
. . 
we use finite k, (9 z k,/k,) . This reduces slightly the 
. . . \ 
maximum growth rate obtained from Eq. (9) , i. e., instead of 
'I, , . .  
Y+ = .09 we find for V+ = 10. , y+ i .079 , somewhat closer 
to. Weibel's value. We summarize sofie of bur results iri Table I. 
TABLE I. 
Tahle  I. 'Some rcrsul-ts for rnaxi~i~unl growth rates as a function 
'L - 1 
of 'a' for V+ = 10 , w = 100, all protons streaming ( E  = 1) .and P 2 .  
r = 1 (T+ = T ) for the wr = 0 mode. The term y 
- 
means the 
m,+ 
maximum value o f  y+ as a function of 1/a for, fixed Ba+. The 
-- -
. ,.>; 
growth rates for Ba+ = 1.0'7 are only l%.'.%ower. -., : 
The most interesting feature is the remarkable sensitivity 
of the growth rate to 6. Note that only for f3 5 . . do we 
get within l%.of the growthrate given by the electrostatic (ES) 
equation. When f3 = .1 the growth rate is 5.3~ larger than 
the value from the ES equation. Figures 3 and 7 suggest what 
is l'occuring. . . From '~ig. 3 we see that as T, increases toward 
the value TI, , the range ofunstable wave numbers narrows and 
'L 
the peak growth occu,rs at smaller knRn l/a. The minimum k, 
for instability remains essentidlly unchangcd and onLy the 
maximum k, tor instability decreases. Comparing E g s .  ( l n )  and 
2, 
(4) we see that for a given . kllRl, r l/a, increasing T, means 
increasing 8, which means increasing the n = 0, electron 
damping term. As 9 is increased from zero (for zero T,), the 
+ 
wave vector, k is oriented more along the field line and hence 
is mo>e subject to the damping by the electrons which are free 
to move along the field line and rath er constrained perpendic- 
'L 
ular to it. The larger values ot k,K, = l/a values, i.e. 
shorter wavelengths, are more easily damped, as occurs in the 
typical longitudinal oscillations (q. v. ~ackson,'~ Fig. 3) . 
Note that kll .and k, are the independent variables to be 
adjusted for maximum growth, but we have instead used B and 
a which are functionals of k, and'k,, as the independent 
variables. Thus, fixing' the value of 9,a+ while allowing 'a', 
to vary, means fixing the value of. k,, so the problem is not 
overdetermined. 
The above is a sketch of the behavior of the damping term. 
To understand the B dependence' shown in Table I, we note that 
Fig. 7 shows that for smaller l/a values, that the growth rates 
a r e  l a r g e r  f o r  l a r g e r  6. Since t h i s  i s  p r e c i s e l y  t h e  region.  . 
of maximum growth f o r  T, = T,[, t h e  growth , is  s e n s i t i v e .  to.  
t h e  va lue  of B .  We con jec tu re  t h a t  t h e  reason is t h a t  f o r , , . .  
smal.ler ' ' k' , i . e. ; l a r g e r  X (wavelength) , . for -  t h e  sa.me charge 
. . 
dens i ty ,  t h e ' c u r r e n t  i s  l a r g e r , .  and hence magnetic e f f e c t s , a r e  . - .  
'more important.  A l t e r n a t i v e l y ,  f rom Maxwell's Eqs., . ?XB = 4 r J  . 
(neglec t ing  t h e  displacement c u r r e n t  term.), o r  B - 4nJ/k, , .  . , .  
. . 
again showing t h a t  magnetic f i e l d  e f f e c t s  a r e  more important  
f o r  small '  k t .  (This argurrient i s  of  n e c e s s i t y  q u a l i t a t i v e  . ,,, 
.; s i n c e  k, >>  k,, .) . . . . . . 
'It is i n t e r e s t i n g  t o  :note,  from Table .I, t h a t  t h e  r ap id , :  
change i n  occurs  f o r  '.001 < B < .01, which i s  t h e . ,  Ym,+ 
t y p i c a l  T.okamak16 regime. The importance of f i n i t e  6 has.  
been not iced by F'orslund17 e t  a l ,  i n  a r e l a t e d  example. The. . . 
main d i f f e r e n c e  i s  t h a t  they  t r e a t e d  s t r eaming .e lec t rons  i n  an 
ion  background, s o  t h a t  t h e r e  i s  a zero o r d e r  magnetic f i e l d . ,  
due t o  t h e  zero o rde r  c u r r e n t  whose e f f e c t  they  neglected..  h his 
makes t h e i r  f i n i t e  6 e f f e c t s  suspect .  Since t h e r e  is no zero  
order  c u r r e n t  i n  our  symmetrical stre,aming case ,  t h e  f i n i t e  
B . e f f e c t s  we have found seem more persuas ive ,  even though .. 
we have o.nly modelled t h e -  T, = T, case .  
. , 
1. 3 DISCUSSION 
:The importance of k, i n s t a b i l i t i e s  ..has. been f i r s t  pointed . 
o u t  by Drumrnond and Rosenbluth. l8 I n  t h e i r  paper t h e y  found.,  t h a t  . 
a r e l a t i v e  streaming v e l o c i t y  of i o n s  and e l e c t r o n s  
 when,^+ = T-) , 
of only ' - .  1 5  times t h e  ion  thermal v e l o c i t y  (n ): , is .  needed - . 
- + 
for instability. This is - 1 the critical velocity for the 
k,, instability which requires that the relative streaming velocity 
be greater than .95 the electron thermal velocity.15 Thus the 
required streaming.velocity is about 3 times smaller for the k, 
instability relative to the k, instability. More detailed 
numerical work by Lominadze and ~te~anov'~ '(reviewed by : :  
~ikhailovskii, 2o p. 221) shows that for deuterium the threshold 
, . 
is 23 x (a  ;+) when T+ = T - , with a p dependence, so 
'their result agrees with Drummond and Rosenb1~th's~~'value of 
15 for Hydrogen, (p=1837) whose mass dependence formulae is 
however - (Ln 11) ' I2 .  ~eibel'~' finds no mass dependence in his 
case where there are conterstreaming ions with an electron 
background, which is understandable because the instability is 
driven by an ion-ion interaction, not an electron-ion interaction. 
We have also found the .Drummond-Rosenbluth (D-R) ion cyclotron 
instability in our conterstreaming ion case. We have partially 
explored only the 8 ,  - .1 region and we find that instability 
occurs in repeated bands in a three dimensional, space with 
'L 
v+ , 
l/a, and 8 the parameters, In the band with smallest l/a 
'L 
values, (see Figs. 3 and 7). instability occurs for 1.4 < V < 1.95, 
t 
.05 < l/a+ < .02 and .O1 < 8 < .16 , approximately. It is not 
'L 
yet clear why the growth for this mode stops when V+ > 2., but 
it apparently shifts to another band with larger values of l/a+ . 
Perhaps the other ion stream and the finite f3 play a role. In 
' lJ  
the region of maximum growth where V+ = 1.8, we find 
b w /Q+ = .14, y+ = .O1 and' l/a+ = .13, relatively close to + r 
'L 
the values expected from Drummond and Rosenbluth18 for V+ > 15, i. e. , 
. . 
b+ = 1.2, y+ = .013 and l/a+ = .08 (y+ is actually calculated 
' 
XI 
from Eq. (8) of D-R with V+ = 1.8. 
Thus the growth is clearly larger than expected from~-R 
because T, = 0 and finite 6 effects. Since the w r = 0 
and wr # 0 D-R instabilities coexist we can obtain the self- 
consistent finite 6 corrections to the D-R instability by 
. . 
including the counterstreaming ion' beam. Examination of Fig. 7, 
shows that finite $ effects become more important for l/a 
small' and hence we expect these effects to be more important for 
the D-R, or # 0 mode than for the' wr = 0 mode which we . 
calculated in Table I. 
. . 
2. LOWER HYBRID INSTABILITY 
I 
When the amount of streaming ions is decreased i.e. when 
then the dominant instability becomes' one E drops below Z, 
with real part near the lower hybrid frequency, i,e. 
w = (a+ a _ )  r '. 'Iz = Q-/U~/~. This is shown in Fig. 4. The 
% 
numbers onthe curves give u Z wru 'l2/fl 1.e. the real 
- 1  
frequency i r ~  units of #the lower hybrid frequency. 
TO obtain an analytic solution, for the parameters shown 
in Fig. 4., we again use Eq. (4) . The n = 2 1 electron terms 
- ,  
-2 again give w 2 because a '>>l and z << 1. "' (The LH mode 
R Y 
occurs for l/a values just to the right of the I = 0 mode 
% 
r .  
marginal stability curve shown in pig. 3, i.e. V+ ,= a or 
k,,V+/Sl- = 1). The n = 0 electron and ion terms are again 
. . 
neglected since we assume T, = 6 and 9 = 0, so that we turn 
next to the ion n = + 1 terms, There are now two sets of these 
-
i o n  t e r m s .  One set, d e s c r i b i n g  t h e  streaming i o n s ,  has  t h e  
f a c t o r  E [ ins t ead  of  1/2 used i n  Eq. ( 4 ) ] ,  whi le  t h e  o t h e r  
set d e s c r i b i n g  t h e  stationary i ons  has  t h e  f a c t o r  1 - 2 ~ ,  b u t  
i s  o t h e r w i s e  t h e  same as t h e  appropr ia t e  ion  t e r m  given i n  
"J 
, Eq. ( 4 )  (wi th  V+ = 0, of c o u r s e ) .  For both sets of terms w e  
use.Eq.  (6 )  so  t h a t  c o l l e c t i n g  t h e  va r ious  terms, i . e .  t h e  
n = + 1 e l e c t r o n  and n = + 1 ion,  Eq. ( 4 )  becomes (with 
I t  i s  e a s i l y  v e r i f i e d  t h a t  with E = 1 / 2  t h i s  i s  t h e  same a s  
A 
Eq. ( 7 ) ,  and t h a t  when V = 0, t h e  E terms cancel .  
W e  now wish t o  w r i t e  Eq. (13) i n  a  dimensionless  form 
more convenient f o r  ob ta in ing  a  s o l u t i o n . .  Thus w e  w r i t e  
. . 
-2 
"J rb 2r W "9 'I I
= 11 (a+iB) where 11 1 11 and vL = 116 
=+ l+w 
P 
"J 
wi th  a and f3 r e a l .  With t h e s e  subs t i t .u t ions  Eq. (13) 
becomes 
"J 
which i s  a cubic  i n  t h e  v a r i a b l e  a+iB . A good approximation 
t o  t h e  s o l u t i o n  may be obta ined  by assuming t h a t  e < < l ,  i . e .  
low d e n s i t y  of s t reaming ions ,  toge the r  wi th  t h e  o rde r ing ,  
'I, "J 'L 
x ~ 6 - a -  A E - t3, B - A and a  -. 6 .. 1, 
'J 
where h is a' small parameter. Then to otder ?3 we obtain' 
. . 
The real and imaginary parts of this equation are 
- ' J3  . : to lowest order, i.e. order. A . ~liminatin~ a gives a 
. '  ' .'J2 
quadrak,i.c in . .  fl . which can 'be solved to give 
. . 
. ,,. 
. :  
Returning to Eq. (14) we find 'to'"1owe order, ': 
'J 
Thus the maximum growth rate is found by maximizing B in 
. . 
Eq. (17) .which gives finally, 
In order to compare these results with the computer 
results of Fig. 41 we rewrite them in the following form 
(with w >> I), the growth rate in units of the electron 
P 
gyrofrequency and the real part of w in units of the lower 
hybrid frequency. Thus 
Comparing these results with. those given in Fig. 41 we see 
that Eq. (19) gives for &=:005 ( E  = .l?), ym = '27 x lo-* 
'L . 
a = .93 which is rather close to the graph values of 
m 
-2 . 'L 
= 2.16 . Ym - -23 x 10 and am = .94. Note too that 10 
T.hus the simple formulae in Eq. (19) are rather accurate. 
The dependence of the growth rate as given in Eq. (18), 
-' i s  also well reproduced by the on the factor ; /(l+wp) 
P 
growth rate results shown in Fig. 8 (the lowest curve). 
2, 'L 
Since the threshold value of V+ from Fig. 4 is V+ > 3 
(for ~=.005 and T, = O), we expect the threshold of this 
instability to be also higher than the wr = 0 mode when 
T, = T,,. The exact value awaits a more exact calculation. 
2.1 . DISCUSSION 
A perpendicular mode similar to that described by 
Eq. (18) has been found experimentally2' and was described 
theoretically by ~ikhailovskii. 22 In their case where 
- 
' 
wp,+=lJ 'I2; ' ~ 1 ,  but; << 1, Eq. (18) givgs for w at 
P P 
- maximum growth, w = w + i w  , the values 
m rtm. i ,m 
. which are the same equations given by Mikhailovskii. 22 In this 
- - 
region of small w y - up and is the linear region shown in 
PI 
Fig. 8. For @ sufficiently small it is possible to consider 
. - - 
w sufficiently small, so. that .w - ; ) becomes 
P p,+ - 11, P .  
- 
- 
small. For very small w . - w +/R+ , i.e. sufficiently large 
PI+ PI 
B field, Gabovich et a121 have shown that the instability is 4 
' I 
'L 
.. stabilized.. Their range of E was 1/2 > E > .02 with V+ > 30. 
'L 
There is however no clear statement of the minimum V+ needed 
- 
for instability and since their maximum o .1 was small by 
P 
r\. 
our criteria, it is likely that the minimum $+ is also smaller 
- 
when w ' is larger. 
P 
We note that the agreement of Eq. (20) with the formulae 
. . ' of PlikhailovskiiZ2 shows that for the wr # 0 mode, only one 
beam is interacting with the plasma. Clearly more work is 
necessary.to establish the critical velocity for instability 
when T, = T,, and the electron temperature is higher than the 
ion temperature. 
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Fig. 1.  plot of marginal stability for T+ = T-, 
9 % 0 and Gp wp/R- % for the.w r ' =  0 mode. The minimum, 
near f.3 = .591 exists also for no ~treaming.~ In the 
k + Olimit, f3 = .25 for 5+ = 1 and f3 = .O1 for 5+ = 2, 
wtich gives fbe marginal stability values for the EM 
instability. 
Fig. 2. Marginal stability values as in Fig. 1, 
but for 5+ = 4 and 6. , In the,,k,, + 0 limit, f3 = .0294 
for Q+ = 4 and f3 = .0135 for V+ = 6. The ordinate is 
f3 = ~IT~T,,/B; where n refers to all the ions or electrons. 
12 
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Fig. 3. Marginnl~stability curves for the parameters 
indicated for T, = 0. The curves are 5+ = a+ and 9+ = a, 
valid for 9+ > 3. Values of 'a' for maximum growth for 
f3 = .1 are given by the dashed curve. The horizont 
axis in the insert is labelled in units of l/a+ = u8j2/a 
while the curve gives Weibel ' sll marginal stability 
1 i 1 a i L s  ob ta ined  from his Pig. 1, 
Fig .  4 .  Maximum growth r a t e s  (ym wi/ R - )  
ob t a ined  f o r  optimum ' a '  and 0 .  Optimum 8 % 0 f o r  
a l l  curves  except  t h e  LH cu rve  f o r  which .12 < 8 < .22 
depending o n  $+. ( 0  - .Yz cor responds  t o  v+ = 1 0 ) .  
ES denotes  e c t r o s t a t i c  s o l u t i o n  ( 8 , %  0) w h i l e  'Weibe l ' ,  
deno te s  hisyi  maximum growth from h i s  F ig .  1. The % 
numbers i n d i c a t e  p e r c e n t  of s t reaming  i o n s .  (2  E x l o o = % ) .  
The numbers under t cu rves  g i v e  h E w , ~ l / ~ / R  i .e .  w 2% - r i n  u n i t s  of ( R +  R-)  . 
Fig. 5. Marginal stability for the EM mode 
( k  + 0 limit) from Fig. la of Gaffey, et allo 
tosether with our T, = 0 dasbed curve. Here 
s - 
= 28 = 8nn~,/~i and T, + - v+ = v-f B N f G  - Tat-- 
For 5- - 0, our dashed curve approached B,, , = 2 .  
Fig. 6. Growth rates as a fu tion of X = 
(k,/R - ) (~,/m )%from Gaffey et all Fig. 3 ,  For 
BII G = 2B = 15 v = 1.414,G = 1 0  T, - T IT, = 1 
and-V* = V .  fie dashed cgrve is for r: 
.1jT The 
T, - point is from our code for u = 100. P 
Fig. 7. Growth rates for various B for T, = 0 
and v = 0. near marginal stability. The .Q+ dash 
indickes where wi=L?+. The LH mode joins the upper 
end of the l/a region and the ~gummond-~osenbluth 
mode, the lower end.. 
- v,= l o  
___- - - - - -  -
- 
- V+n2.5 
- 
- - -p = .01 
- B  = . I  - 
T O 1  
8 = O  
, . =.5 - 
V-8 0 
- 
v - 
- v+= 1 0  ( a  , 005 ,  L Hy mode 
d 
I I I I 1 
. Fig. 8. Maximum growth rates (y E witm/Q-) 
obtained for optimum l/a. The differgnce between 
the B = .1 and B = .O1 curves for the LH mode is 
too s ight to show up. Since B = ( 5  ~ , , / e ) ~  values 1 of G < B are unphysical. P 
P 
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